The Bayesian estimation of the scale parameter of a Laplace Distribution is obtained using two approximation techniques, like Normal approximation and Tierney and Kadane (T-K) approximation, under different informative priors.
Bayesian Approximation Techniques for Scale Parameter of Laplace Distribution

Erratum
In the original published version of this article, the caption for Table 4 was incorrectly given as "Posterior estimates of Laplace distribution using normal approximation" instead of "Posterior estimates of Laplace distribution using T-K approximation". This has been corrected.
Introduction
The Laplace distribution is a continuous probability distribution named after Pierre Simon Laplace (1749-1827) who, in 1774, obtained it as the distribution whose likelihood is maximized when the location parameter is set to the median. It is also known as the law of the difference between two independent variables with identical exponential distributions (Abramowitz & Stegun, 1972) , as the double exponential distribution because it can be thought of as two exponential distributions spliced together back to back, as well as the two-tailed exponential distribution and the bilateral exponential law (Feller, 1962) . Aryal (2006) studied the Laplace and related probability distributions along with their applications to find a probability distribution that could be derived from the Laplace distribution and could be used to frame models for various real-world problems. Nadarajah (2010) obtained two posterior distributions for the mean of the Laplace distribution by deriving the distributions of the product XY and the ratio X | Y when X and Y are Student's t and Laplace random variables distributed independently of each other. Abbasi (2011) considered the Bayesian aspect of a discrete Laplace distribution, and compared the Bayes estimator with that of maximum entropy for the discrete Laplace distribution. Ali, Aslam, Abbas, and Ali Kazmi (2012) estimated the scale 3 parameter of the Laplace model using different asymmetric loss functions. The estimates were compared using the posterior risks (PRs) under these loss functions. Rasheed and Emad (2015) obtained Bayesian and non-Bayesian estimates for Laplace distribution under different loss functions and made comparison between them through Monte Carlo simulation, depending on mean square errors (MSEs).
The classical Laplace distribution, also known as first law of Laplace, is a probability distribution on (−∞ < x < ∞) given by the density function
Here, λ is a scale parameter. It is a symmetric distribution whose tails fall off less sharply than the Gaussian distribution but faster than the Cauchy distribution. Both the normal and Laplace distributions can be used to analyze symmetric data. It is well-known that the normal distribution is used to analyze symmetric data with short tails, whereas the Laplace model is used for data with long tails. Various forms of the skew Laplace distribution have been introduced and applied in several areas including medical science, environmental science, communications, economics and finance, etc. It can be used to model the difference between the waiting times of two events generated by two random processes. It can also be used to describe breaking strength data, modeling the differences in flood stages, etc. (Krishnamoorthy, 2006) .
Normal Approximation
When the posterior distribution P(λ | x) is unimodal and roughly symmetric, the convenient procedure is to approximate it by a normal distribution centered at the mode, yielding the approximation
, whe Îˆre log | P xx
If the mode,  , is in the interior parameter space, then I(λ) is positive; if  is a vector parameter, then I(λ) is a matrix. This was reviewed by Ahmed, Khan, and Ahmad (2007) and Ahmad, Ahmed, and Khan (2011) Jan and Ahmad (2016) studied the behavior of shape parameter of the inverse Lomax distribution using Bayesian approximation techniques.
The likelihood function for a random sample (x1, x2,…, xn), which is taken from the Laplace distribution (1), is given as
Using inverted gamma prior
where α and β are known hyperparameters, the posterior distribution for λ is ( ) ( )
which is the density similar to the inverted Gamma distribution. The log posterior is The second-order derivative of the log posterior density is given by
Therefore, the negative Hessian is
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Thus, the posterior distribution can be approximated as
Using an inverted chi-square prior, 
and the posterior mode is obtained as
The second-order derivative of the log posterior density is given by ( ) 
Using a Gumbel type II prior, an informative prior with hyperparameter γ,
we obtain the posterior distribution of λ for the given data (x1, x2,…, xn) as
The log posterior is given by The second-order derivative of the log posterior density is given as 
T-K Approximation
Lindley's approximation method requires the computation of higher-order partial derivatives, which is usually tedious to calculate when the parameter λ is vectorvalued. Tierney and Kadane (1986) 
Thus, for the Laplace model, T-K approximation for the scale parameter λ is obtained, under inverted gamma prior, as
, the posterior distribution for the scale parameter λ is calculated in (4) 
Similarly, 
Using an inverted chi square prior, 
Now, 
e e a a a a n n n n
the posterior distribution for the parameter λ is given by (9): 
Simulation Study
In a simulation study, samples were generated of sizes n = 25, 50, and 100 to examine the effect of small, medium, and large samples of posterior estimates using R. The performance of Bayes estimates of the scale parameter of the Laplace distribution were compared under different informative priors using the two approximation techniques. The value of the scale parameter λ has been chosen as 0.5, 1, and 2, and the value of the hyperparameters have also been taken as 0.5, 1, and 2. These results have been replicated 5000 times and the estimates have been obtained. The results are presented in the tables below with the posterior variances enclosed in the parentheses.
Results
From Tables 1 and 2 , it is clearly evident that the posterior variance of the scale parameter of the Laplace distribution in most of the cases is minimum under inverse gamma prior, especially when the value of the hyperparameters α and β is taken to be 2.
Real-Life Example
The data below were discussed by Schmee and Nelson (1977) and show the number, in thousands of miles, at which different locomotive controls failed in a life test involving 96 controls. The test was terminated after 135,000 miles by which time 37 failures had occurred. The failure times for the 37 failed units are: 22.5, 37.5, 46.0, 48.5, 51.5, 53.0, 54.5, 57.5, 66.5, 68.0, 69.5, 76.5, 77.0, 78.5, 80.0, 81.5, 82.0, 83.0, 84.0, 91.5, 93.5, 102.5, 107.0, 108.5, 112.5, 113.5, 116.0, 117.0, 118.5, 119.0, 120.0, 122.5, 123.0, 127.5, 131.0, 132.5, 134.0. (p. 3)
Conclusion
The aim was to focus on the efficiency of the various informative priors used for the scale parameter λ of the Laplace distribution under the two Bayesian approximation techniques. It is observed from the simulation study presented in Tables 1 and 2 that, among all the informative priors, the inverse gamma prior proves to be more efficient with minimum posterior variance when the value of hyperparameters is taken to be 2. Further, the results are validated by considering the estimates obtained from a real-life data set as shown in Tables 3 and 4 , thereby justifying the results of our simulation study. In addition to this, it can be seen that the values of posterior variance in Tables 1 and 2 decreases with the increase in sample size. Also, it can be seen that normal approximation gives lesser values of posterior variance of shape parameter of the inverse Lomax distribution than T-K approximation in both the generated and real-life data sets.
